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Gauge non-invariance due to material truncation has recently been explored in a number of
contexts in strong-coupling QED. We show that the approach proposed recently in Nature Physics
15, 803 (2019) rests on an incorrect mathematical assertion and so does not resolve gauge non-
invariance. The method produces new two-level models that are not equivalent in different gauges.
The new Coulomb-gauge model is inaccurate for the regimes considered in Nature Physics 15,
803 (2019), for which the multipolar-gauge quantum Rabi model is optimal. Nevertheless, the
multipolar-gauge quantum Rabi model cannot be optimal in all situations. The optimal two-level
model depends on the physical situation, including the observables, the parameter regime, and
the number of field modes being considered. Furthermore, gauge-ambiguities are not synonymous
with gauge non-invariance due to approximations. Independent of material truncation subsystem
predictions can be vastly different depending on the theoretical definitions of the subsystems, which
are controlled by the gauge choice.
Introduction
Gauge-freedom in ultrastrong and deep-strong cou-
pling QED has recently been investigated in a number of
contexts [1–6]. Its importance lies in the fact that light
and matter quantum subsystems can only be defined rel-
ative to a gauge-frame in Hilbert space. One of the many
implications of QED’s subsystem gauge-relativity, is that
approximations performed on a subsystem may ruin the
gauge-invariance of the theory. An example is the trun-
cation of the material subsystem to a finite number of
energy levels [1–6]. A proposal has recently been put
forward to resolve this gauge non-invariance by attempt-
ing to define unitary two-level model versions of gauge-
transformations [4].
It is claimed that gauge non-invariance resulting from
material truncation is resolved through a method of de-
riving two-level models, which in any gauge yields a
model equivalent to the multipolar-gauge quantum Rabi
model (QRM). We show that this method rests crucially
on the incorrect mathematical assertion that Pf(O)P =
f(POP ) for a non-linear function f , projection P 6= I
and operator O. As a result, the method actually intro-
duces yet further gauge non-invariance of the type that
it seeks to resolve. It defines an entirely new class of
two-level models that are not equivalent to each other,
nor to any of the standard two-level models. We con-
sider the example of a highly anharmonic double-well
dipole as in Ref. [4]. We show that in the Coulomb-
gauge the new type of two-level model gives a very in-
accurate approximation of the exact theory. Contrary to
the claim of Ref. [4] the model is not equivalent to the
multipolar-gauge QRM, which is very accurate, and is in-
stead qualitatively very similar to the standard Coulomb-
gauge QRM.
In regimes of large anharmonicity it is known that the
multipolar-gauge QRM usually provides the most accu-
rate predictions across the full energy spectrum when
considering a single radiation mode [6]. This is certainly
not a proof that the multipolar-gauge QRM will provide
the most accurate predictions for any observable prop-
erty of any system in any parameter regime. Indeed, it
can be shown easily using the simple counter-example
of a material oscillator, that this is mathematically im-
possible [1]. The optimal two-level model will depend
upon the physical observable being considered, as well as
the parameter regime considered, and on the number of
field modes included. Furthermore, in many situations a
two-level material truncation is straightforwardly avoid-
able. Gauge-ambiguities are much broader than the pro-
saic gauge non-invariance that results from an approx-
imation. Subsystem predictions vary significantly with
the gauge relative to which the subsystems are defined,
independent of model approximations.
Gauge-freedom
A single electron atom has Hamiltonian H = p2/2m+
V (r) where [ri, pj ] = iδij and V is the binding potential.
The momentum p = −i∇ acts on the wave-function ψ(r).
The gauge-principle asserts that the interaction of the
atom with the electromagnetic field should be invariant
under a local phase transformation ψ′(r) = eiqχ(r)ψ(r)
where q is the electronic charge. This is guaranteed
by making the minimal-coupling replacement −i∇− qA
where any two gauge-fields A and A′ = A+∇χ are phys-
ically equivalent. According to the gauge-principle, the
freedom to transform between distinct minimal-coupling
prescriptions p− qA and p− qA′ defines gauge-freedom.
Since ∇χ is a longitudinal vector field, gauge-freedom
is the freedom to choose AL. A specific choice is accom-
panied by a specific local phase for ψ. In other words,
gauge-freedom is the freedom to choose between different
pairs (ψ,A) and (ψ′,A′). It is clear that in order to im-
plement p−qA→ p−q(A+∇χ), the canonical momen-
tum must transform as p→ e−iqχ(r)peiqχ(r) = p− q∇χ.
This transformation property relies upon the canonical
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2operator algebra [ri, pj ] = iδij , which cannot be sup-
ported by a finite-dimensional Hilbert space.
Gauge-freedom can be encoded into a real gauge-
parameter α [1] as;
Aα(x) = AT(x)− α∇
∫ 1
0
dλx ·AT(λx) (1)
in which AL is uniquely specified by choosing α. De-
tailed derivations of the α-gauge Hamiltonian Hα using
Dirac’s constrained quantisation procedure can be found
in Refs. [1, 3]. This procedure reveals that when AL is
a functional of AT as in Eq. (1), the choice of gauge α
also uniquely specifies the arbitrary transverse polarisa-
tion defined by
PTα(x) = αPT(x) = α
∫ 1
0
dλ qr · δT(x− λr). (2)
Unitary gauge-fixing transformations Rαα′ are defined as
[1, 3, 7–9]
Rαα′ := exp
[
i
∫
d3x [PTα(x)−PTα′(x)] ·AT(x)
]
.
(3)
Their defining property is to transform between distinct
minimal-coupling prescriptions that appear within the
Hamiltonian Hα;
Rαα′ [p− qAα(r)]R†αα′ = p− qAα′(r) (4)
Rαα′ [ΠT + PTα]R
†
αα′ = ΠT + PTα′ . (5)
The effect of the transformation has been the replace-
ment (Aα,PTα) → (Aα′ ,PTα′), which clearly consti-
tutes a gauge-transformation from the fixed gauge α to
the fixed gauge α′. As a result it follows that
Hα′ = Rαα′HαR
†
αα′ . (6)
This unitary equivalence of Hamiltonians of different
gauges exemplifies the gauge-invariance of the theory.
Electric dipole and single mode approximations
The electric-dipole approximation (EDA) and single-
mode approximation can be performed preserving all
algebraic properties of the theory, thereby preserving
gauge-invariance [1–3]. The dipole is assumed to be lo-
cated at the origin 0 and the canonical operators are
assumed to point in the direction ε of polarisation of the
single mode of frequency ω. They are specified entirely
by scalar operator components in this direction. Here-
after we use x = ε · r to denote the dipole coordinate for
ease of comparison with Ref. [4]. We use A = ε ·AT to
denote the component of the transverse vector potential,
while p and Π are the corresponding dipole and cavity
canonical momenta such that [x, p] = i and [A,Π] = i/v
with v the cavity volume.
The unitary gauge-fixing transformation between
gauges α and α′ is now given by [1, 2]
Rαα′ = exp(i[α− α′]qxA). (7)
Since gauge-fixing transformations remain unitary the
gauge-invariance of the theory is preserved. The α-
gauge continues to be specified by its vector potential
Aα = εAα and material polarisation PTα = εPTα which
now read
Aα = (1− α)A, (8)
PTα =
αqx
v
. (9)
The definition of gauge-freedom given by Eqs. (4) and
(5) now reads
Rαα′pR
†
αα′ = p− (α− α′)qA, (10)
Rαα′ΠR
†
αα′ = Π− (α− α′)
qx
v
. (11)
Were Eqs. (10) and (11) not satisfied, then Rαα′ would
not effect the replacement (Aα, PTα) → (Aα′ , PTα′),
meaning it would not be a gauge-transformation from
α to α′. Note that since Uf(O)U† = f(UOU†) for any
unitary transformation U , suitably well-defined function
f , and operator O, Eqs. (10) and (11) are necessary and
sufficient to define how arbitrary functions of p and Π
transform under a gauge-transformation.
The α-gauge Hamiltonian is given by [1, 2]
Hα =
1
2m
(p− qAα)2 + V (x) + v
2
[
(Π + PTα)
2 + ω2A2
]
,
(12)
such that Hamiltonians of different gauges continue to be
unitarily related as in Eq. (6). The method of Ref. [4] re-
lies on a further property of the Hamiltonian in Eq. (12),
which holds due to the EDA. Specifically, that
Hα = R1αHmR
†
1α +R0αHphR
†
0α (13)
where
Hm =
p2
2m
+ V (x), (14)
Hph =
v
2
(Π2 + ω2A2). (15)
We note that Eq. (13) only holds due to the EDA, so it is
not a fundamental feature. Ref. [4] seeks to derive two-
level model Hamiltonians by replacing the gauge-fixing
transformations in Eq. (13) with two-level model coun-
terparts, as reviewed below.
Material truncation
Since the canonical momentum p represents a differ-
ent physical observable for each different value of α, the
3same is true of Hm. Therefore, projecting onto a fi-
nite number of eigenstates of Hm is a gauge-dependent
procedure. Eigenvalues of Hm are denoted n. The
projection P onto the first two-levels |0〉, |1〉 of Hm
gives PHmP = ωmσ
+σ− + 0 and PqxP = dσx where
σ+ = |1〉 〈0|, σ− = |0〉 〈1| and σx = σ++σ−. The first
transition energy is denoted ωm = 1−0, and the transi-
tion dipole moment d = 〈0| qx |1〉 is assumed to be real.
More generally, one can define P as the projection onto
any finite number of levels.
That truncation necessarily ruins gauge-invariance is
shown in Ref. [1] where a passive perspective of rotations
within the operator algebra is adopted. Within the ac-
tive perspective adopted so far, different gauges possess
unitarily related Hamiltonians Hα as specified by Eq. (6).
These Hamiltonians are expressed in terms of the same
canonical momenta p = mx˙ + qAα and Π = A˙ − PTα
where mx˙ = −im[x,Hα] and A˙ = −i[A,Hα]. On the
other hand, in the passive perspective the Hamiltonian
H is uniquely specified as the total energy operator of
the system but different gauges possess different canoni-
cal momenta pα = mx˙ + qAα and Πα = A˙− PTα where
mx˙ = −im[x,H] and A˙ = −i[A,H] [1]. It is now the mo-
menta belonging to different gauges that are related as
pα = Rαα′pα′R
†
αα′ and Πα = Rαα′Πα′R
†
αα′ . The Hamil-
tonian H can be expressed in terms of the momenta be-
longing to any gauge. The passive and active perspectives
of rotations are strictly equivalent.
When adopting the passive perspective it is seen that
each gauge defines a different bare material Hamilto-
nian Hαm = p
2
α/(2m) + V (r). These Hamiltonians are
related by Hαm = Rαα′H
α′
mR
†
αα′ , therefore the corre-
sponding two-level projections Pα and Pα
′
also satisfy
Pα = Rαα′P
α′R†αα′ . Similarly, the photonic Hamiltoni-
ans Hαph =
v
2 (Π
2
α + ω
2A2) belonging to different gauges
are related by Hαph = Rαα′H
α′
phR
†
αα′ . Thus, the bare basis
eigenstates of hα = Hαm +H
α
ph and h
α′ = Hα
′
m +H
α′
ph are
related by |αn, kα〉 = Rαα′ |α
′
n , k
α′〉.
Each gauge defines a distinct two-level subspace, PαH,
within the full Hilbert space H. Resolving the identity
in H as I = ∑∞n=0 |α′n 〉 〈α′n |, we see that an arbitrary
separable state |ψα2 〉 =
∑
i=0,1
∑
k βiγk |αi , kα〉 belonging
to the α-gauge two-level subspace PαH may be expanded
in the basis {|α′n , kα
′〉} as
|ψα2 〉 =
∞∑
n=0
1∑
i=0
∑
k
βiγk 〈α′n |Rαα′ |α
′
i 〉 |α
′
n , k
α′〉 6∈ Pα′H.
(16)
Therefore, the subspace defined by material truncation
is not gauge-invariant. The truncated state space within
the gauge α comprises states that are superpositions of all
of the material basis states {|α′n 〉} belonging to the gauge
α′. Furthermore, the state |ψα2 〉, which is separable with
respect to the α-gauge light and matter subsystem eigen-
states, is entangled with respect to the α′-gauge light and
matter subsystem eigenstates. A projection onto a finite
number of material states in one gauge constitutes a non-
trivial operation on both subsystems in any other gauge.
The projection of |ψα2 〉 ∈ PαH onto the subspace
Pα
′H is Pα′ |ψα2 〉 = Pα
′
Rαα′P
α′ |ψα′2 〉, where |ψα
′
2 〉 =∑
i=0,1
∑
k βiγk |α
′
i , k
α′〉 ∈ Pα′H. Evidently, this pro-
vides a non-unitary two-level model gauge transfor-
mation, Gαα′ = Pα′Rαα′Pα′ , mapping from PαH to
Pα
′H. Conversely, by definition, a two-dimensional uni-
tary operator (Bloch-sphere rotation) of the form T =
exp[iPαf(x,A)Pα] where f is an arbitrary Hermitian
function of x and A, is a map T : PαH → PαH and so
it cannot transform between the truncated spaces PαH
and Pα
′H of different gauges. Thus, material truncation
necessarily breaks gauge-invariance, and it is not possible
to define a two-level model unitary of the form T that
also constitutes a gauge transformation. We shall discuss
these points in the context of Ref. [4] below.
Truncated Hamiltonians
For ease of comparison with Ref. [4] we return to the
active perspective of unitary rotations. To obtain the
standard α-gauge two-level model one replaces x and p
with their projected counterparts PxP and PpP to ob-
tain
H2α = PHmP + PHphP + Vα(PxP, PpP ) (17)
where Vα(x, p) = Hα − Hm − Hph is the interaction
Hamiltonian. For distinct values of α the Hamiltonians
H2α are not equivalent to each other [1, 2, 6]. This is
because physically, P represents a different projection in
each different gauge, as discussed above.
Ref. [4] seeks to derive two-level models from the free
theory by replacing the unitary transformation Rαα′ in
Eq. (13) with a two-level model counterpart, which we
will denote by Gαα′ . However, Ref. [4] tacitly equates
what are actually two quite different two-level model
versions of Rαα′ . In particular, there are two different
two-level model variants of the PZW transformation R10,
which are
G10 = PR10P = P exp[iqxA]P (18)
T10 = exp[iqPxPA] 6= G10. (19)
The two transformations are different, because for a Her-
mitian operator O, projection P 6= I, and non-linear
function f we have
Pf(O)P 6= f(POP ). (20)
Ref. [4] claims that replacing R10 with G10 in Eq. (13)
gives the correct Coulomb-gauge two-level model
H˜20 = G10PHmPG†10 + PHphP. (21)
This derivation is described as constituting the “cor-
rect application of the gauge principle”, the idea being
4that non-localities introduced by the projection of the
atomic potential contained in Hm have now been prop-
erly accounted for. In passing between equations (8) and
(9) of Ref. [4] it is tacitly and incorrectly assumed that
G01 = T01 from which it would follow that H˜20 = h21(0)
where
h21(0) = T10PHmPT †10 + PHphP. (22)
However, due to inequality (20) the two-level models
H˜20 and h
2
1(0) are actually very different. As previ-
ously discussed and shown explicitly below, h21(0) is not
a Coulomb-gauge two-level model, because T10 cannot
implement a gauge-change. Rather h21(0) is simply an
arbitrary Bloch-sphere rotation of the multipolar-gauge
QRM. In contrast, the model H˜20 is a Coulomb-gauge
two-level model because G10 does implement a gauge
change. However, G10 is not unitary and so it does not
preserve gauge invariance. In particular H˜20 is not equiv-
alent to the multipolar-gauge QRM.
Generalisation
Generalising Eq. (18), we see that there are two differ-
ent two-level model versions of Rαα′ defined as
Gαα′ = PRαα′P = P exp[iq(α− α′)xA]P (23)
Tαα′ = exp[iq(α− α′)PxPA] 6= Gαα′ . (24)
The first of these transformations, Gαα′ , is not unitary
contrary to the claim of Ref. [4] that G10 is unitary. How-
ever, as noted in Ref. [4], G10 does implement a gauge
change as defined by Eq. (10). More generally, if we let
POP = f(p), where O is arbitrary, then
Gαα′f(p)Gαα′ = Pf(p− (α− α′)qA)P. (25)
This follows immediately from Eq. (10). In words, Gαα′
implements a gauge-transformation within a projected
operator and then re-projects the result. This property
is crucial to the validity of the argumentation of Ref. [4]
which proposes that to properly account for non-localities
introduced by the truncation, the minimal-coupling pre-
scription p → p − qA should be implemented within
f(p) = PHmP and the result re-projected. By this argu-
ment, replacing Rαα′ in Eq. (13) with Gαα′ , one obtains
a new kind of (“correct”) two-level model
H˜2α =G1αPHmPG†1α + G0αPHphPG†0α. (26)
These models are not equivalent for different α. Thus, the
method claimed to be correct in Ref. [4] is incapable of re-
solving the gauge non-invariance incurred by truncation.
Indeed, such non-invariance is a necessary implication of
truncation. Nevertheless, as already noted, the α = 0
model H˜20 is claimed to be the “correct” Coulomb-gauge
two-level model in Ref. [4].
The other two-level model transformation Tαα′ which
is given in Eq. (24) is clearly unitary (unlike Gαα′), but
it does not implement a gauge change;
Tαα′f(p)Tαα′ 6= Pf(p− (α− α′)qA)P. (27)
Indeed, a two-level model unitary transformation cannot
implement the minimal-coupling replacement p→ p−qA
that is fundamental to the gauge-principle. By replacing
Rαα′ in Eq. (13) with Tαα′ one obtains two-level models
h21(α) =T1αPHmPT †1α + T0αPHphPT †0α
=T1αH21T †1α (28)
where the second equality shows that these models are
equivalent to the standard multipolar-gauge QRM H21 .
In particular, h21(1) = H
2
1 , because truncation does not
alter the cavity canonical operator algebra. Since Tα1
does not implement a gauge change the parameter α in
h21(α) does not select a gauge. In this sense, one could
equally well generate equivalent two-level models to H21
using any two-level model unitary rotation whatsoever.
An equivalence class of models can be defined for each
individual gauge α as h2α(α
′) = Tαα′H2αT †αα′ . The stan-
dard α-gauge model H2α = h
2
α(α) is a representative from
its class {h2α(α′)}. In the notation h2α(α′) the subscript α
denotes the gauge within which the truncation has been
made, while the argument α′ parameterises a position
on the Bloch-sphere within the gauge α. Gauge non-
invariance cannot be resolved through the mere construc-
tion of models equivalent to some chosen two-level model.
For any two distinct gauges, α1 and α2, distinct equiva-
lence classes {h2α1(α′)} and {h2α2(α′)} are not equivalent.
The question that now naturally arises is whether one
can claim that the new Coulomb-gauge two-level model
H˜20 is approximately equal to the multipolar-gauge mod-
els h21(α). Therefore, letting I = P + Q, we express G10
in the form
G10
= P exp
[
iη(σx + [PxQ+QxP +QxQ]/x¯)(a† + a)
]
P
(29)
where η = d/
√
2ωv is a dimensionless coupling parame-
ter, x¯ = 〈0|x |1〉 = d/q and σx = PxP/x¯. If we assume
that PxQ  PxP such that terms PxQ and QxP can
be neglected in the exponent of R10 then we obtain
G10 ≈ P exp
[
iη(σx +QxQ/x¯)(a† + a)
]
P
= P exp
[
iησx(a† + a)
]
P = T10 (30)
where we have used PQ = 0 = QP . One might assume
that such an approximation can be justified for a suffi-
ciently anharmonic material system. However, if this is
the case, then by following exactly the same steps one ob-
tains PRαα′ ≈ Tαα′ . From this one obtains H20 ≈ h21(0)
where the left-hand-side denotes the standard Coulomb-
gauge Rabi model [given by Eq. (17)] and the right-
hand-side is equivalent to the standard multipolar-gauge
5Rabi model H21 . Since it is known that H
2
0 and H
2
1 are
markedly different [1, 4, 6], it follows that in general,
one cannot neglect terms PxQ and QxP in the exponent
of Rαα′ even for highly anharmonic material systems.
In the following section it will be verified by an explicit
example that the new Coulomb-gauge Hamiltonian H˜20
is very different to the multipolar-gauge models h21(α).
Thus, contrary to the claim of Ref. [4], H˜20 is not equiva-
lent to the multipolar-gauge models h21(α), among which
is the standard multipolar-gauge QRM H21 .
The approximate equality Tαα′ ≈ Gαα′ does result if
the exponentials on both sides are expanded to linear
order in q. In this case the two-level models H˜2α are
then the same as the models h21(α) and they must be
equivalent to each other for different α. However, a first
order expansion of the model h21(α) simply gives back
the standard two-level model H2α to linear order in q. It
follows that to this order, i.e., in the weak light-matter
coupling regime, all two-level models are the same H˜2α =
h21(α) = H
2
α. This is the only regime in which such an
equivalence can generally be obtained.
It is incorrect to assume that this implies that the stan-
dard Coulomb-gauge QRM H20 is somehow a first order
approximation of the multipolar gauge QRM H21 (see for
example Supplement 2 of Ref. [4]). To see this note that
analogous to the multipolar two-level models h21(α), one
can construct an equivalence class of Coulomb-gauge two-
level models as h20(α) = T0αH20T †0α. To linear order in q
the models h20(α) and H
2
α also coincide. In particular, if
one expands up to first order in q the α = 1 member of
the Coulomb-gauge class, namely h20(1), then one obtains
H21 to linear order in q. Therefore, the multipolar-gauge
QRM could equally well be viewed as a first order ap-
proximation of the standard Coulomb-gauge QRM.
As the coupling-strength increases the first order ex-
pansion in q becomes progressively worse, so Tαα′ and
Gαα′ become progressively different. Thus, if a particular
model H2α1 were found to be accurate for some particu-
lar observable in some particular situation, then as the
coupling increases any other model H2α2 , α2 6= α1 will
become progressively less accurate by comparison. As
we have already noted, which of the standard models H2α
is indeed most accurate, depends on the observable, the
parameter regime, and the number of field modes being
considered. For a single-mode and highly anharmonic
matter the multipolar model H21 tends to be more ac-
curate across the full energy spectrum and in particular
for higher levels [1, 4–6]. For lower anharmonicity H21 is
not always optimal for the lowest two levels even for a
single mode [1]. It is easy to show that the form of the
new Coulomb-gauge model H˜20 depends strongly on the
chosen dipolar potential, and that it only coincides with
h21(0) to first order in q. To this order it also coincides
with the standard Coulomb-gauge QRM H20 as expected.
FIG. 1: The transition spectrum of the multipolar-gauge
QRM H21 (blue, dashed) is compared with the exact (gauge-
invariant) transition spectrum (red, solid), assuming a ma-
terial anharmonicity of µ = 70 and resonance δ = 1. The
multipolar gauge QRM is generally accurate in this regime,
in the sense that one must go to very high levels before dis-
crepancies with the exact spectrum are found. This graph is
the same as Fig. S2(a) in Ref. [4]. All multipolar models h21(α)
possess the same spectrum as H21 because they all belong to
the same unitary equivalence class, i.e., they are Bloch sphere
rotations.
Example of a double-well dipole
Gauge non-invariance and gauge-ambiguities are not
synonymous because a straightforwardly avoidable ap-
proximation cannot result in genuine ambiguities. The
latter instead result from there existing several answers
to a single question, such as the amount of light-matter
entanglement in the ground state of an ultrastrongly cou-
pled light-matter system. Independent of material trun-
cation and the associated gauge non-invariance, ambi-
guities occur in the description of, for example, time-
dependent interactions [2], and Dicke-model superradi-
ance [3]. Subsystem predictions such as photon popula-
tion depend on the gauge relative to which the subsys-
tems are defined, with important implications. For ex-
ample, the gauge controls the classification of the Dicke-
model quantum phase transition as being radiative versus
non-radiative [3].
Recently, two-level models have been compared in
highly anharmonic regimes, where, more than merely be-
ing a well-defined mathematical procedure, one expects
the two-level truncation to offer a generally robust ap-
proximation of the non-truncated theory [4–6]. Despite
this, several much less anharmonic regimes are of im-
portance for experiments. Let us nevertheless consider
a highly anharmonic double-well dipole as in Ref. [4]
and compare the different two-level model spectra with
the exact (unique) energy spectrum of the non-truncated
theory. We consider the resonant case δ = ω/ωm = 1
together with a high anharmonicity µ = (ω21 − ωm)/ωm
of µ = 70, as considered in the Supplementary Material
of Ref. [4]. We compare the unique spectrum of Hα,
with the different approximations given by the spectra of
the multipolar-gauge QRM H21 , the standard Coulomb-
gauge QRM H20 , and the new Coulomb-gauge two-level
6FIG. 2: The transition spectra of the standard Coulomb-
gauge QRM H20 (light-green, dashed) and the modified
Coulomb-gauge model H˜20 (dark-green, dashed) are compared
with the exact transition spectrum (red, solid) assuming the
same parameters as in Fig. 1. Both Coulomb-gauge two-level
models are generally inaccurate, and are qualitatively very
similar.
model H˜20 . Note that all multipolar models h
2
1(α) possess
the same spectrum as H21 because they all belong to the
same unitary equivalence class (i.e. they are Bloch sphere
rotations).
The multipolar-gauge QRM H21 is very accurate for
predicting transition spectra in this regime (Fig. 1) while
the Coulomb-gauge QRM H20 is very inaccurate for
strong enough couplings (Fig. 2). An important ques-
tion however, is whether the spectrum of H˜20 is the same
as that of H21 as claimed in Ref. [4]. Were this the case
then the specific problem of obtaining for gauges α 6= 1
generally accurate two-level models would be resolved.
By generally we mean two-level models that are accurate
for more than just the lowest two total-system eigenen-
ergies. However, in regimes where one expects to be able
to obtain such two-level models the spectrum of the new
model H˜20 is inaccurate, and is similar to that of the stan-
dard model H20 as shown in Fig. 2.
Conclusions
We have shown that material truncation necessarily
ruins the gauge-invariance of a single-mode single-dipole
theory. The idea of Ref. [4] to define two-level model
gauge transformations as projections of gauge-fixing
transformations does not resolve gauge non-invariance,
because it does not produce equivalent models. The
Coulomb-gauge model that results is hardly more accu-
rate than the standard Coulomb-gauge QRM in highly
anharmonic regimes where the multipolar gauge QRM is
accurate.
The models actually analysed in Ref. [4] are Bloch-
sphere rotations of the multipolar QRM. They all belong
to the multipolar gauge and they all possess one and
the same spectrum. The Bloch-sphere rotations used to
obtain them are mathematically incapable of implement-
ing a gauge change, due to the fundamental modifica-
tion of the operator algebra that has already been in-
curred by the truncation. A Bloch-sphere rotation can
be used to generate two-level models equivalent to any
chosen two-level model. This fact cannot resolve gauge
non-invariance due to material truncation. Furthermore,
gauge-ambiguities are broader than gauge non-invariance
due to material truncation.
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